Radiative stability places strong constraints on general dark energy and modified gravity theories. We consider Horndeski scalar-tensor theories with luminally propagating gravitational waves (as extensively discussed in the wake of GW170817) and show that generically there is a tension between obtaining observable deviations from General Relativity (GR) in cosmology and the requirement of radiative stability. Using this as a constraint, we discuss the subsets of theories that are capable of yielding observable, radiatively stable departures from GR. A key consequence are significantly tightened cosmological parameter constraints on dark energy and modified gravity parameters, which we explicitly compute using data from the Planck, SDSS/BOSS and 6dF surveys.
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Introduction: In the recent past, great progress has been made in understanding how to precision-test our current leading theory of gravity, General Relativity (GR). Since GR is the single consistent theory of a massless spin-2 field (implicitly restricting ourselves to Lorentz-invariant theories), testing for deviations from GR becomes equivalent to testing for new (light) gravitational degrees of freedom. Scalar-tensor (ST) theories are a minimal deviation from GR in this sense, introducing a single additional degree of freedom and asking how it may affect gravitational interactions.
Accordingly, Horndeski gravity [1, 2] , the most general Lorentz-invariant ST action that gives rise to second order equations of motion (and is consequently free of an Ostrogradski-ghost instability by default), has recently been the main workhorse of research into alternative theories of gravity. It is described by the following action
where the L i are scalar-tensor Lagrangians (for a scalar φ and a massless tensor g µν ) given by
The G i are functions of a scalar field φ and its derivative via X ≡ − 1 2 ∇ µ φ ∇ µ φ , where ∇ µ is the covariant derivative for g µν , and we also have L 2 = G 2 (φ , X). We have used the shorthand Φ µν ≡ ∇ µ ∇ ν φ and square brackets denote traces, i.e.
Finally, G i,φ and G i,X denote the partial derivatives of the G i , with respect to φ and X respectively. Four free functions (G 2 , G 3 , G 4 , G 5 ) therefore completely characterise this theory.
Recently, and motivated by the near simultaneous detections of GW170817 and GRB 170817A [3] [4] [5] [6] [7] , it was shown in [8] [9] [10] [11] that imposing luminal propagation of gravitational waves (GWs), c GW = c, significantly reduces this theory space in a cosmological context, namely by eliminating G 5 and G 4,X . The resulting, restricted Horndeski theory is described by
where now there are only three free functions left (G 2 , G 3 , G 4 ) and we highlight that G 4 is a function of φ only. For previous work on c GW = c constraints see [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Note that the derivation of (3) implicitly assumes a scale/time/energyindependent speed of gravitational waves. Since GW170817 probes energy scales much larger than those of late-universe cosmology, in a modified gravity context it in principle tests the (unknown) UV completion of the cosmological theory. Indeed [22] argue that generic Lorentz-invariant UV completions will bring a potentially subluminal cosmological speed of GWs back to luminal for the frequencies observed for GW170817. We refer to [9, 22] for a discussion of the naturalness of such a scenario, but here (following [8] [9] [10] [11] ) we will explicitly assume a luminally propagating, scale-independent speed of GWs -an assumption that will be probed directly by LISA and pulsar timing arrays [22] .
While excluding higher derivative interactions associated with L 4,5 , (3) still includes a wide class of theories. Consequently the purpose of this paper is two-fold: Firstly, we argue that (in a sense we will make precise) generic choices of (3) cannot yield cosmological deviations from GR that are within reach of current/near-future observations and (radiatively) stable. Secondly, we identify well-motivated subsets of (3) , that evade this conclusion and show how restricting to such theories with improved stability properties significantly tightens cosmological constraints on departures from GR.
Linear Cosmology: Cosmological deviations from GR are especially tightly constrained at the level of linear perturbations and we would therefore like to linearly perturb (3) around an FRW background solution. The result is well-known for general Horndeski theories and, restricting to (3), the freedom in such a linearly perturbed action can be concisely parametrised in terms of four independent and free functions [23] : The Hubble rate H that controls the background expansion, the running of the Planck massα M , the kineticityα K (essentially a proxy for the scalar speed of sound) and the braidingα B that quantifies kinetic mixing between metric and scalar perturbations. Note that the resulting linear action is equivalent to the one obtained in effective field theory (EFT)/effective action approaches for ST dark energy/modified gravity up to 2nd order in derivatives [24] [25] [26] .
In this EFT spirit and motivated by the observed proximity of the background expansion to ΛCDM, in what follows we will follow the minimal approach of [27, 28] and fix the background to be that of ΛCDM, considering and constraining perturbations around it.α K , evaluated for (3), then satisfies
where from (3) the effective Planck mass M 2 can be read off to be M 2 = 2G 4 . However,α K is known to only very weakly affect cosmological observables [27, 28] , which is linked to the fact that it drops out in the quasi-static approximation [23] , so it can essentially be fixed to a fiducial value without affecting constraints. The remainingα i , evaluated for (3), then satisfy
where the running of the Planck massα M is quantified via
Importantly this means that G 2 is only implicitly constrained via requiring a ΛCDM background evolution, i.e. there is no cosmologically relevant explicit dependence on G 2 at the level of linear perturbations.
Current observations constrainα M andα B at the O(1) level (see figure 1) , while near-future observations are expected to tighten bounds by approx. one order of magnitude [28] . To understand what this implies for interactions in (3), it is instructive to consider the following example
In essence we consider the G i to be defined via their Taylor expansion in terms of the fields and keep the lowest order non-trivial terms. Note that we have implicitly normalised the zeroth-order piece of G 4 and removed its linear dependence on φ to diagonalise propagators. The c i are assumed to be O(1) constant coefficients, which amounts to imposing a naturalness assumption. Λ 3 and Λ are mass scales (where Λ 3 is taken to be Λ 3 3 ∼ M Pl H 2 0 as usual) and we will also use the scale Λ 4 2 ≡ M Pl Λ 3 3 . We can now compute theα i for (6) . Defining the dimensionlessφ ≡ φ /Λ andX ≡ X/Λ 4 2 , we find
where we have ignored overall O(1) numerical factors and consider late times relevant for dark energy, so H ∼ H 0 . We have also usedφ 2 ∼ 2X and assumed
. If the G 3 interaction is to have an O(1) effect on theα i at late times, this implies that at those timesX ∼ O(1). If simultaneously G 4 has an O(1) effect, this additionally imposesφ ∼ O(1). Importantly we have checked that this conclusion remains true when also including higher order terms in the expansion of the G i above, so it is not an artefact of the specific example shown here. not the case, any tree-level computation is swamped by loop effects and (in the absence of a known UV completion) no reliable prediction can be obtained from the theory. In GR, for example, loop corrections are suppressed by powers of the Planck scale, so at energy scales Λ M Pl one can reliably extract predictions, whereas at energy scales Λ M Pl this is not the case. Once one considers departures from GR in a cosmological context, however, the interactions associated with the new gravitational degrees of freedom typically bring this cutoff down significantly, so it is no longer trivial to obtain reliable (classical) predictions from such theories.
To see what this implies for (3), it will be useful to again focus on the example G i in (6) and transform to the Einstein frame. Doing so yields
where the smaller of Λ 3 and Λ becomes the strong coupling scale and we have dropped terms suppressed by powers of Λ /M Pl (assuming Λ M Pl ) and absorbed a numerical O(1) factor into Λ . Power-counting and considering pure scalar Feynman diagrams in 4D with I internal legs, V 1 Xφ 2 and V 2 X[Φ] vertices, we can estimate the types of interactions that will be generated by loops on dimensional grounds and schematically obtain
Focusing on one-loop diagrams with I = V 1 + V 2 , if only the c 3 or c 4 vertex are present, we obtain loop corrections such as
respectively. In the c 3 case, these corrections are suppressed, if higher-order derivatives are sub-dominant. In the c 4 case, these loops are suppressed if X Λ 4 (assumingφ ∼ O(1) and implying Λ Λ 2 , ifX ∼ O (1)). Consequently, if only one type of vertex is present, at least these specific loop corrections can remain under control for certain parameter choices. If both c 3 and c 4 interactions are present, however, this picture drastically changes. To see how, let us first generalise our example (6) and consider an example theory with
where n, m ≥ 0, l ≥ 2 and G 2 = X as before. Higher powers of X are suppressed by Λ 4 2 , mimicking known radiatively stable shift-symmetric setups [29] and non-zero m signals shiftsymmetry breaking for G 3 interactions, where we choose the symmetry-breaking scale to be Λ , just as for G 4 . One may sum over n, m, l, but for our purposes zooming in on specific choices of these powers will be sufficient. We again transform to the Einstein frame and obtain the following action 
where we have already set I = V 1 +V 2 . The exact way in which derivatives are 'distributed' over fields matters for estimating the size of interactions on a given background, but in the absence of additional information about the interactions in (3) or (11), one expects all such 'distributions' to be generated. Considering choices of V 1 and V 2 that yield at least as many fields as derivatives, from (13) we therefore expect to generate terms such as
where N = pV 1 − 4 + (m − 1)V 2 and we note thatXM Pl = X/Λ 3 3 ). IfX is sufficiently small, i.e. ifXM Pl Λ , these corrections will indeed be suppressed. However, if we assumê X ∼ O(1) ∼φ in order to have observable effects on theα i from both G 3 and G 4 interactions, then for large V 2 and positive N (so also large V 1 ) the M Pl /Λ enhancement always wins out over any other potential suppression coming from X/Λ 4 . Since loop corrections for all choices of V 1 , V 2 are generated, this means these corrections will in fact dominate over the classical ansatz, rendering the theory unpredictive. 1 Before continuing, let us briefly mention four caveats to this result. I) Naturalness was a crucial ingredient in our argument, ensuring that c i ∼ O(1). Any physical mechanism (e.g. a new symmetry or non-renormalisation theorem for specific theories with observationally relevant G 4 and G 3 ) that allows stably tuning the c i may therefore alter the argument. Note, however, that the link between radiative stability and symmetries is rather subtle [30] . II) We have assumed that Λ M Pl , i.e. that pure graviton interactions are still normalised by M Pl at leading order and we can consistently truncate interactions as in (8) . The special case Λ ∼ M Pl is qualitatively different and also of interest cosmologically. While the interactions (14) no longer dominate, forφ ∼ O(1) this case amounts to receiving O(1) corrections to the effective Planck mass and (in the Einstein frame) adds large numbers of interactions at leading order, so we will leave this case for future work. III) As mentioned above, the way derivatives are distributed over fields matters in estimating the size of loop corrections such as (13) . In [31] we will discuss interesting specific choices of the G i for which only some such distributions are generated and loop-generated interactions like (14) may be avoided, but here we will restrict ourselves to the generic case. IV) We have implicitly assumed that only a few specific dimensionful scales enter the G 3 and G 4 interactions, generically finding that loop corrections become problematically large whenever the tree level contribution to theα i is large. One may attempt to disentangle tree and loop contributions by fiat, specifically via postulating that the UV completion is weakly coupled at the expense of introducing an additional small dimensionless coupling parameter g, which suppresses all loops by construction. For details on this approach see [32] [33] [34] [35] .
Here, however, we will adopt a conservative, minimal approach and refrain from imposing additional assumptions about the UV, extended symmetries etc. Then the key conclusion following from the above power-counting argument is that generic choices of G 3 and G 4 cannot both yield observable contributions to theα i in a controllable (radiatively stable) fashion. 2 While the argument presented does not mean that all theories with observationally relevant G 3 and G 4 are ruled out (see the caveat discussion above), this nevertheless has profound consequences for cosmology, singling out two subsets of (3) as particularly well-motivated. Firstly, we have
where G 4 is constant and has been normalised to 1 2 M 2 Pl . Note that we have removed the φ -dependence in G 3 , since a φ → φ + c shift symmetry is required to prevent loops including one graviton from generating large corrections for this set of theories [29] . Terms linear/quadratic in φ are protected by their own renormalisation theorems [36] [37] [38] [39] , and hence at least for the covariant Galileon [40] only 'softly' break this shift symmetry [39] , which is why we have kept φ -dependence for G 2 . Modulo this caveat, (15) is therefore a subset of weakly broken Galilean (WBG) theories [29] , with loop corrections parametrically suppressed as a result of the (weakly broken) Galileon symmetry [41, 42] . We can see this explicitly for the loop corrections discussed above. Using (13), S Gal corresponds to setting V 1 = 0 = m. There are therefore always more derivatives than fields and (for large V 2 and n ≥ 1) we schematically obtain corrections such as
For backgrounds withX ∼ O(1) ∼ [Φ]/Λ 3 3 , as considered by [29] , the final factor of [Φ]/Λ 3 2 then suppresses these corrections (since Λ 2 Λ 3 ). The residual shift symmetry in (15) also provides an intuitive understanding why no explicit φ -dependence in G 4 is typically considered for such theories.
The second particularly well-motivated subset of (3) is
where G 3 is now absent, but the conformal G 4 (φ ) coupling to R is kept. Using (13), this case corresponds to setting V 2 = 0 and we therefore schematically obtain corrections such as
where the X/Λ 4 factor suppresses these loop-generated interactions on backgrounds whereX ∼ O(1) and as long as Λ Λ 2 , as discussed above for (10) . The S Conf class of theories can be reduced further with radiative stability arguments, but here we simply note that it also contains known radiatively stable models, especially ones arising as low-energy EFTs from dimensionally reduced higherdimensional constructions (see [43] for a review). Arguably the prime example here are JBD theories [44] , that arise as a low-energy EFT in Randall-Sundrum I setups [45] .
Cosmological parameter constraints:
We now want to extract the cosmological predictions for the well-motivated subsets (15) and (17) and contrast them with the predictions from the general (3). The linear cosmology as parametrised by (5) significantly simplifies for (15) and (17) and we find
This means that these theories effectively give rise to linearised cosmologies that are described by just two free functions:α B and H. Note that the form ofα B is strongly constrained, since G 4 is a function of φ only and G 3 is a function of X only, for S Conf and S Gal respectively. To demonstrate the strength of the above constraints more quantitatively, we now ought to pick a parametrisation for the key functionsα M ,α B in S (3) vs. justα B as identified in (19) . Numerous such parametrisations exist -for a discussion of relative merits see [23, 27, 28, [46] [47] [48] [49] and previous related constraints include [27, 50] . For simplicity here we will pick arguably the one most frequently used [23] :
This parametrises eachα i in terms of just one extra constant parameter c i and the proportionality to the fractional contribution of dark energy to the energy density of the universe, Ω DE , ensures that the modification is a late time effect. This parametrisation is known to accurately capture the evolution of a wide sub-class of Horndeski theories [51, 52] , but not all [47] . While therefore undoubtedly in need of future refinement, it provides an excellent quantitative illustration of the constraining power of the results derived above. We now perform a Monte Carlo Markov Chain (MCMC) analysis, using Planck 2015 CMB (cosmic microwave background) temperature, CMB lensing and low-polarisation data [53] [54] [55] , BAO (baryon acoustic oscillation) measurements from SDSS/BOSS [56, 57] , constraints from the SDSS DR4 LRG matter power spectrum (mPk) shape [58] and RSD (redshift space distortions) constraints from BOSS and 6dF [59, 60] . We compute constraints on c B and c M , marginalising over the standard ΛCDM parameters Ω cdm , Ω b , θ s , A s , n s and τ reio . Note that we infer Ω DE through the closure equation (assuming no cosmological curvature). Furthermore, we impose that the asymptotic value of the effective Planck mass M at early times is indeed M Pl , since we do not wish to constrain early universe modifications of gravity here (for a different approach see [27] ). We put no priors on the absence of 'classical' (e.g. gradient) instabilities, since we find that the constraints derived with and without such priors are nearidentical. In a nutshell: the data will exclude any model with a significant such instability. The only difference are small regions in parameter space, where a hard prior would erroneously exclude models that display transient instabilities during radiation domination, which are an artefact of the choice of parametrisation and do not affect observables. For additional details regarding the MCMC implementation see [49] . Figure 1 shows the cosmological constraints on the modified gravity parameters: c M and c B . BAO and mPk data only mildly modify the Planck constraints, but RSD measurements significantly tighten constraints, especially on c M . This is rather intuitive, as RSDs constrain f σ 8 , which is particularly sensitive to the strength of gravity as measured by the effective Planck mass. It is worth emphasising that the lower (small and negative c M ) border of the contours in figure 1 is determined by the onset of strong gradient instabilities (illustrated by the absence of accepted points in that region). These instabilities occur when the scalar speed of sound c s becomes imaginary, specifically
where the expression given assumes a ΛCDM background. The well-motivated models (15) and (17) 
Gradient stability constraints enforce that c B > 0 for S Gal and c B < 0 for S Conf , i.e. they ensure the two models occupy mutually exclusive parts of parameter space. Note that the c B constraints for S Gal and S Conf are virtually unaffected by the addition of further data to Planck measurements, so unlike for S, RSDs here do not provide significant additional constraining power. Interestingly the region populated by S Conf would have been excluded at 2σ when using S as the fiducial model. This illustrates the importance of choosing 'correct' theoretical priors, suggesting that sampling over radiatively unstable, and hence fundamentally unpredictive, models (as argued above, large classes of models in (3) fall into this category) can lead to erroneous parameter estimation dominated by unphysical regions of parameter space. Finally figure 2 demonstrates that restricting to the S Gal and S Conf subsets both reduces the number of free functions and leads to tighter constraints on the remaining parameters.
Conclusions:
We can summarise our key results as follows.
• Radiative stability: Imposing c GW = c reduces Horndeski ST theories to (3), a theory controlled by the three functions G 2,3,4 . Loop corrections generically prevent a conformal coupling to gravity G 4 (φ )R and the higher-derivative
interactions from simultaneously contributing to cosmologically observable deviations from GR in a controllable way (caveats are discussed above). This reasoning singles out two classes of particularly well-motivated and significantly simplified theories, (15) and (17) , that can give rise to departures from GR within the reach of current and near-future experiments in a radiatively stable manner.
• Linear cosmology: These subsets of theories give rise to linear cosmologies, whose phenomenology is controlled by just two free functions of time:α B and H.
• Cosmological parameter constraints: Observational constraints on modified gravity parameters are shown in figures 1 and 2, with RSDs proving particularly constraining for (3), while constraints for the well-motivated S Gal and S Conf subsets ( (15) and (17), respectively) are driven by Planck data and gradient stability conditions. Interestingly, constraints from gradient instabilities also ensure that S Gal and S Conf occupy mutually exclusive regions in parameter space, offering a promising target to discriminate between these theories in the future.
Various extensions of this work suggest themselves, with the inclusion of additional datasets holding particular promise (we will discuss the impact of Galaxy-ISW cross-correlations in [61] -also see [18, 62, 63] ). Whether additional subsets of (3) exist, that can yield observable deviations from GR at the level of linear cosmology in a radiatively stable manner, will be discussed in [31] and it would also be very interesting to understand in what precise circumstances a c GW = c tuning is radiatively stable and whether one can use this to impose additional constraints. Here we have shown that combining data-driven cosmological parameter estimation with the theoretical requirement of radiative stability, two aspects typically considered separately, can be used to strongly constrain modified gravity/dark energy models and to significantly improve the observational bounds we can place on them. We hope that the approach outlined here will contribute towards holistically constraining cosmological deviations from GR in the future, taking into account a wide range of observational and theoretical constraints in an integrated manner.
